Abstract. In this work we study the generalized Weierstrass semigroup H(P m ) at an m-tuple P m = (P 1 , . . . , P m ) of rational points on certain curves admitting a plane model of the form f (y) = g(x) over F q , where
Introduction
Let X be a nonsingular, projective, geometrically irreducible algebraic curve of positive genus defined over a finite field F q with q elements and let F q (X ) be its associated function field. For h ∈ F q (X ) × , div(h) and div ∞ (h) will stand respectively for the divisor and the pole divisor of h. We denote N 0 = N ∪ {0}, where N is the set of positive integers. Let Q = (Q 1 , . . . , Q m ) be an m-tuple of pairwise distinct rational points on X . The set The case m = 1-known as the Weierstrass semigroup of X at Q 1 -is a classical object in algebraic geometry which is related to many theoretical and applied topics; see e.g. [6] , [9] , [10] , [11] and [22] . For m ≥ 2, the firsts progresses in the understanding of these structures are due to Kim [13] and Homma [12] , who studied several properties of Weierstrass semigroups at a pair of points. It allowed computing explicitly such semigroups at pairs for several curves as Hermitian, Suzuki, Norm-trace, and curves defined by Kummer extensions, which are of interest in coding theory; we refer the reader to [15] , [17] , [21] and [19] . The general case was considered in several works as [1] , [4] and [16] ; see also [3] for a survey exposition on this topic. In particular, Matthews [16] introduced a notion of generating set of H(Q) that allows to constructing the semigroup from a finite number of elements. Matthews's approach was used to compute the generating set of classical Weierstrass semigroups at some collinear points on the Hermitian and Norm-trace curves in [16] and [18] , respectively. A general study of the generating set of classical Weierstrass semigroups at several points on certain curves of the form f (y) = g(x), which include many classic curves over finite fields, was made in [5] by Castellanos and Tizziotti.
H(Q)
In [7] , Delgado proposed a different generalization of Weierstrass semigroups at a single point to several points on a curve. His original approach was on curves over algebraically closed fields, but later Beelen and Tutas [2] studied such objects for curves defined over finite fields, where they presented many properties of these semigroups. This generalization is as follows: given an m-tuple Q = (Q 1 , . . . , Q m ) of pairwise distinct rational points on X , we let R Q denote the ring of functions of X having poles only on the set {Q 1 , . . . , Q m }. The generalized Weierstrass semigroup of X at Q is the set Moyano-Fernández, Tenório, and Torres [20] studied the generalized Weierstrass semigroups at several points on a curve over a finite field. Motivated by the description of the classical Weierstrass semigroups at several points given by Matthews [16] , they characterized the semigroups H(Q) in terms of the absolute maximal elements of H(Q) (see Definition 2.2) introduced by Delgado [7] , providing a generating set for H(Q) in the sense of [16] . Despite this generating set-formed by absolute maximal elements of H(Q)-is an infinite set, they showed it can be computed through a finite number of elements in H(Q). They also proved that the absolute maximal elements of H(Q) carry information on the corresponding Riemann-Roch spaces of every divisor with support contained in {Q 1 , . . . , Q m }, and consequently that the arithmetic of these divisors can be deduced from the generating set of H(Q).
The main focus of this paper is to study the generalized Weierstrass semigroup H(P m ) at an m-tuple P m = (P 1 , . . . , P m ) of some rational points on certain curves with a plane model of the form f (y) = g(x) over F q , denoted by X f,g , where
We establish a connection between the absolute maximal elements of generalized Weierstrass semigroups and the concept of discrepancy (see Definition 2.8) presented by Duursma and Park in [8] , which allows us to determine the generating set of H(P m ) for this type of curves, as in [5] for the classical approach. As a consequence, we describe a basis of Riemann-Roch spaces of certain divisors on this class of curves. We also introduce the notion of the supported floor of a divisor and explore its relationship with the generating set of generalized Weierstrass semigroups.
This paper is organized as follows. Section 2 contains basic concepts and results on generalized Weierstrass semigroups and discrepancies. In Section 3 we introduce the concept of the supported floor of a divisor and study the relations of this notion with the generalized Weierstrass semigroups. In Section 4 we study the generalized Weierstrass semigroup H(P m ) at several points on the curves X f,g . Finally, Section 5 is devoted to providing expressions for the dimension and basis of Riemann-Roch spaces of certain divisors on X f,g , as well as for the floor and the supported floor of such divisors.
Background and Preliminary Results
Let X be a (nonsingular, projective, geometrically irreducible) curve of positive genus defined over F q . Let Div(X ) be the set of divisors on
be the Riemann-Roch space associated to G. The dimension of L(G) as an F q -vector space will be denoted by ℓ(G).
Throughout this section Q will stand for the m-tuple (Q 1 , . . . , Q m ) of m ≥ 2 distinct pairwise rational points on X . For γ = (γ 1 , . . . , γ m ) ∈ Z m , D γ will denote the divisor 
. . , m}. The set of absolute maximal elements in H(Q) will be denoted by Γ(Q). 2). Let α ∈ H(Q) and assume that q ≥ m. Then, the following statements are equivalent: 
Note that the previous theorem shows that the set Γ(Q) determines H(Q) in terms of least upper bounds. In this way, Γ(Q) can be seen as a generating set of H(Q) in the sense of [16] . We observe that, unlike the case of generating set for classical Weierstrass semigroups of [16] , the set Γ(Q) is not finite. Nevertheless, it is finitely determined as follows.
For i = 2, . . . , m, let a i be the smallest positive integer t such that tQ i − tQ i−1 is a principal divisor on X . We can thus define the region
be the m-tuple whose j-th coordinate is
. . , m − 1}, we can state the following concerning the absolute maximal elements in generalized Weierstrass semigroups at several points. 
Notice that, since Γ(Q) ∩ C m is finite and Θ m is finitely generated, Γ(Q) is determined by a finite number of elements in H(Q). We also observe that the set C m and the elements η i 's are slightly modified from that defined in [20, Section 3] . This modification does not affect the conclusions and its purpose is to make our subsequent computations simpler. The absolute maximal elements in H(Q) are also related to Riemann-Roch spaces as below.
where β ≤ α means that β j ≤ α j for j = 1, . . . , m. Note that Γ Q (α) is a finite subset of Z m . For i ∈ {1, . . . , m} and β, β ′ ∈ Γ Q (α), define
A straightforward verification shows that ≡ i is an equivalence relation, and so we may consider the quotient set Γ Q (α)/≡ i as follows.
Theorem 2.6 ([20], Theorem 3.5). Let α ∈ Z m and i ∈ {1, . . . m}, and assume that
Corollary 2.7 ([20], Corollary 3.6).
Under the same assumptions as in the previous result,
Then {f 1 , . . . , f ℓ(Dα) } constitutes a basis for the Riemann-Roch space L(D α ).
2.2.
Discrepancy. In [8, Section 5], Duursma and Park introduced the concept of discrepancy. In the remaining of this section, we establish a connection between discrepancies and absolute maximal elements in generalized Weierstrass semigroups at several points.
Definition 2.8. Let P and Q be distinct rational points P and Q on X . A divisor A ∈ Div(X ) is called a discrepancy with respect to P and
The following result states an equivalent formulation for the absolute maximal property regarding discrepancies. It will be especially useful to compute absolute maximal elements in Section 4.
Proposition 2.9. Let α = (α 1 , . . . , α m ) ∈ Z m and assume that q ≥ m. The following statements are equivalent:
(ii) D α is a discrepancy with respect to any pair of distinct points in {Q 1 , . . . , Q m }.
. . , m} and therefore D α is a discrepancy with respect to any distinct pair of points Q i , Q j ∈ {Q 1 , . . . , Q m }.
(ii) ⇒ (i) : Observe that α ∈ H(Q). Suppose now that ∇ J (α) = ∅ for some J {1, . . . , m} with J = ∅ and let β ∈ ∇ J (α). Thus, for i ∈ {1, . . . , m} \ J and j ∈ J, we have
contradicts the fact that D α is a discrepancy with respect to Q i and Q j for any pair of distinct rational points Q i , Q j ∈ {Q 1 , . . . , Q m }. Therefore, α is an absolute maximal element of H(Q).
The supported floor of divisors D α
In this section we introduce the notion of the supported floor of a divisor. Roughly speaking, the supported floor of a divisor D with ℓ(D) > 0 will be the divisor of minimum degree with support contained in the support of D and whose the associated RiemannRoch spaces coincide. We will explore the outcomes of this idea and study its relations with the generalized Weierstrass semigroups. As in the previous sections, X denotes a curve over F q and Q an m-tuple of distinct rational points
The concept of floor of a divisor G on X with ℓ(G) > 0 was introduced in [14] . Denoted by ⌊G⌋, the floor of G is the unique divisor
, Theorem 2.6). Let G be a divisor on X with ℓ(G) > 0 and let
s).
Let α ∈ Z m and suppose that ℓ(D α ) > 0. If D α is an effective divisor, by [14, Theorem 2.5], the support of ⌊D α ⌋ is a subset of {Q 1 , . . . , Q m }. However, if D α is not effective, then the support of ⌊D α ⌋ may not be necessarily contained in {Q 1 , . . . , Q m }, and that is the reason we define the supported floor.
Given α ∈ Z m , let us consider the set
Notice that T α is nonempty since α ∈ T α . In addition, as ℓ(D α ) > 0, we have that T α is a finite set. For β = (β 1 , . . . , β m ) ∈ Z m , the norm of β is the integer |β|:
There is a unique β ∈ T α with minimum norm in {|γ| : γ ∈ T α }.
Proof. Since T α is finite and the norm is an integer, T α has an element whose the norm is minimum in {|γ| : γ ∈ T α }. In order to prove that such an element is unique, suppose that there exist β, β ′ ∈ T α , with β = β ′ , having the minimum norm in {|γ| :
, we obtain |γ|< |β|= |β ′ |, which gives us a contradiction since γ ∈ T α . (
Proof. (1). It follows directly from Proposition 2.1(1).
(2). Suppose, on the contrary, that β = β ′ . As β, β
and β, β ′ ∈ H(Q).
(3). Note that β ∈ T α implies T β ⊆ T α . The assertion thus follows by the items above.
The next result exploits the relation between Q-floor and the elements of Γ(Q).
Theorem 3.5. Let α ∈ Z m with ℓ(D α ) > 0 and assume that q ≥ m. Then,
Proof. Let α ∈ Z m with ℓ(D α ) > 0 and let γ = lub( Γ Q (α)) ∈ Z m . Hence γ ∈ H(Q) and γ ≤ α. Theorem 2.6 now gives ℓ(D γ ) = ℓ(D α ), since Γ Q (γ) = Γ Q (α). Consequently, γ ∈ T α and the result follows from the items (1) and (3) in the previous lemma.
By abuse of notation, we will write ρ −1 ( Γ Q (α)) for {f β : β ∈ Γ Q (α)}. The next result provides a sufficient condition for the equality between ⌊D α ⌋ and ⌊D α ⌋ Q .
Proof. The basic idea is to observe that ρ −1 ( Γ Q (α)) is a spanning set of L(D α ); indeed, by Corollary 2.7, ρ −1 ( Γ Q (α)) contains a basis of L(D α ) and so spans L(D α ). Now, by hypothesis, we have v P (f β ) = 0 for P ∈ X \{Q 1 , . . . , Q m } and for β ∈ Γ Q (α). Hence Theorem 3.1 yields
4. Generalized Weierstrass semigroups of certain curves of the form
Let X f,g be a curve over F q having a plane model given by an affine equation of type
where
with deg(f (T )) = a and deg(g(T )) = b satisfying gcd(a, b) = 1.
Suppose that X f,g has genus (a − 1)(b − 1)/2 and is geometrically irreducible. Suppose moreover that there exist a + 1 distinct rational points P 1 , P 2 , . . . , P a+1 on X f,g such that
and (4) bP 1 ∼ bP j for j ∈ {2, . . . , a + 1}, where b is the smallest positive integer satisfying (4) and "∼" represents the linear equivalence of divisors. Notice that, by the above assumptions, H(P 1 ) = a, b . Many notable curves over finite fields-as Hermitian curves, Norm-Trace curves, curves from Kummer extensions, among others-arise in the family under consideration and satisfy the required conditions.
In this section we will compute Γ(P m ) ∩ C m , where P m := (P 1 , . . . , P m ) for 2 ≤ m ≤ a + 1, which, according to Theorem 2.5, determines entirely Γ(P m ), the generating set of H(P m ). For this purpose, we assume furthermore that q ≥ a + 1.
is a discrepancy with respect to any pair of distinct points in {P 1 , . . . , P m }.
Proof. From (3) and (4) there exist functions h, g 2 , . . . , g a+1 ∈ F q (X f,g ) such that
P k − aP 1 and div(g j ) = bP j − bP 1 , for j = 2, . . . , a + 1.
, and we thus have L(A) = L(A − P j ) for j = 1, . . . , m. To prove that L(A − P ) = L(A − P − Q) for any pair P, Q ∈ {P 1 , . . . , P m } with P = Q, we consider its equivalence L(K + P + Q − A) = L(K + P − A), where K is a canonical divisor on X f,g . As H(P 1 ) = a, b , we may take the canonical divisor K = (ab − a − b − 1)P 1 . So
First, let us consider the case P = P 1 and Q = P j for 2 ≤ j ≤ m. Hence
and thus L(A − P ) = L(A − P − Q). Now, if P = P j and Q = P k for 2 ≤ j < k ≤ m, then
and the result follows.
Observe that from the aforementioned assumptions, we have
We also have that Θ m is generated by the m-tuples cf. page 4. The next theorem yields information about Γ(P m ) ∩ C m , which will ensure a complete description of the generating set Γ(P m ) of H(P m ) and consequently of the Riemann-Roch spaces associated with divisors with support in {P 1 , . . . , P m }.
Theorem 4.2. Let P 1 , . . . , P a+1 be rational points on X f,g and C m be as above. For 2 ≤ m ≤ a + 1, let
Proof. By Proposition 2.9 and Lemma 4.1, it follows that S m ⊆ Γ(P m ) ∩ C m . Hence it suffices to prove that Γ(P m ) ∩ C m ⊆ S m . For simplicity, let us denote (6) lead to
Since 0 ≤ α j < b for j = 2, . . . , m, we get
In particular, ∇ Proof of ( * ): In view of Theorem 2.1(2), it is sufficient to prove that
. Equivalently, let us show that
we have h
In what follows, we include a concrete example to illustrate how simple are the elements that determine the generalized Weierstrass semigroup H(P m ).
Example 4.3. Let ℓ be a prime power and let r be an odd integer. Let X be the curve defined over F ℓ 2r by the affine equation
This curve has genus ℓ r (ℓ − 1)/2. Let P ∞ be the point at infinity (0 : 1 : 0) of X and let P 0b j be the points (0 : b j : 1) with b j ∈ F ℓ 2r in such a way that b
Hence, a = ℓ and b = ℓ r + 1. Therefore, according to Theorem 4.2 and Theorem 2.5, the generalized Weierstrass semigroup H(P ∞ , P 0b 1 , . . . , P 0b m−1 ) for 2 ≤ m ≤ ℓ r + 1, is completely determined by ℓ r + m elements of Γ(P ∞ , P 0b 1 , P 0b 2 , . . . , P 0b m−1 ) ∩ C m and Θ(P ∞ , P 0b 1 , . . . , P 0b m−1 ). For instance, if ℓ = 5, r = 1, and m = 3, the Hermitian curve of genus 10, (0, 0, 0), (13, 1, 1), (8, 2, 2), (3, 3, 3) , (−2, 4, 4), (−7, 5, 5), (−6, 6, 0), and (0, −6, 6) determine the generalized Weierstrass semigroup H(P ∞ , P 00 , P 0w 15 ), where w is a primitive element of F 5 2 . When ℓ = r = m = 3, the following 30 elements (0, 0, 0), (25, 1, 1), (22, 2, 2) , (19, 3, 3) , (16, 4, 4) , (13, 5, 5) , (10, 6, 6) , (7, 7, 7) , (4, 8, 8) , (1, 9, 9) determine entirely the generalized Weierstrass semigroup H(P ∞ , P 00 , P 0w 546 ), where w is a primitive element of F 3 6 .
Riemann-Roch spaces of divisors
Let X f,g and P 1 , . . . , P a+1 as in the previous section and under the same assumptions. Having established the elements that determine the generating set Γ(P m ) of the generalized Weierstrass semigroup H(P m ), where P m = (P 1 , . . . , P m ) for 2 ≤ m ≤ a + 1, we now use them to study the Riemann-Roch spaces L(D α ) associated with the divisors
From the elements of Γ(P m ), we deduce formulas for the dimension and also present a basis of L(D α ). In particular, it allows us to study the supported floor of such divisors.
Proof. By Theorem 2.5 and Theorem 4.2, we have that the elements of Γ(P m ) are exactly the m-tuples of the following types:
where 1 ≤ i < b and t j ∈ Z for j = 1, . . . , m−1. As Theorem 2.6 gives ℓ(D α ) = # Γ Pm (α)/≡ 1 , we will count #{β 1 :
To do that, let us first count #{β 1 : β = (β 1 , . . . , β m ) ∈ Γ Pm (α) of type (I)}, that is,
Writing d j = t j−1 − t j for j = 2, . . . , m − 1, and d m = t m−1 , we obtain t 1 = m j=2 d j . We may thus rewrite (7) as (8) (8) we obtain i + bd j ≤ α j for j = 2, . . . , m, and thus
Therefore, the integers
and the number of such integers is
Finally, it remains to count #{β 1 :
Again, writing d j = t j−1 − t j for j = 2, . . . , m − 1, and d m = t m−1 , we may rephrase (10) as (11)
Proceeding in the same way, we conclude that #{β 1 : β = (β 1 , . . . , β m ) ∈ Γ Pm (α) of type (II)} is equal to the number of integers
We thus obtain the claimed formula by summing the values (12) and (9) for 1 ≤ i < b.
A simpler and general expression for the dimension of a divisor with support contained in {P 1 , . . . , P a+1 } can be deduced by using the case m = a + 1.
We now employ the elements of the generating set Γ(P m ) of H(P m ) to provide a basis for the Riemann-Roch spaces associated with divisors D α for α ∈ Z m .
Corollary 5.3. Let α = (α 1 , . . . , α m ) ∈ Z m and let h, g 2 , . . . , g m be the functions given in (5). Then,
for j = 2, . . . , m, and
for j = 2, . . . , m, and −
Proof. Notice from (8) and (11) 
we thus have
The proof is therefore complete by invoking Corollary 2.7. In both cases, the only solution is d 2 = −1 and d 3 = −1. Applying these values in the previous result, we obtain that x 2 and x forms a basis for the Riemann-Roch space L(D α ).
We can also provide a formula to the P m -floor of divisors D α for α ∈ Z m . To do this, let us consider N 0 := max{ and each coordinate of lub( Γ Pm (α)) is the biggest one among the corresponding coordinates of elements β ∈ Γ Pm (α), we have the desired formula.
In particular, we get a formula for the floor of divisors with support in {P 1 , . . . , P a+1 }. Similarly, we letÑ i := max Corollary 5.6. Let A = α 1 P 1 + · · · + α a+1 P a+1 ∈ Div(X f,g ). Then, ⌊A⌋ = α Proof. Notice that, by the previous result, the formula is exactly the P m -floor of A for m = a + 1. From Corollary 5.3, each function in the spanning set of L(A) has no zeroes outside the set {P 1 , . . . , P a+1 }. Therefore the result follows by Proposition 3.6.
Example 5.7. Consider again the curve x 28 = y 3 + y over F 3 6 of Example 5.4 and let w be a primitive element of F 3 6 . Here we will see the difference between the supported floor and the floor of a divisor. For m = 3, let P 3 = (P ∞ , P 00 , P 0w 546 ). As in Example 5.4, the only i ∈ {0, . . . , 27} such that N i = 0 are 26 and 27, we have, according to Proposition 5.5, that the P 3 -floor of the divisor D α = 8P ∞ + 7P 00 − P 0w 546 , associated with α = (8, 7, −1), is ⌊D α ⌋ P 3 = 6P ∞ − P 00 − P 0w 546 , where 6 = max{6, 3}, −1 = max{−2, −1}, and −1 = max{−2, −1} in the formula. In a similar way, we have that the only i ∈ {0, . . . , 27} such thatÑ i = 0 are 26 and 27, which from Corollary 5.6 gives us that the floor of D α is ⌊D α ⌋ = 6P ∞ − P 00 − P 0w 546 − P 0w 182 , with 6 = max{6, 3}, −1 = max{−2, −1}, −1 = max{−2, −1}, and −1 = max{−2, −1}.
